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Effect of Coulomb interaction on chemical potential of metal film
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The chemical potential of a metal film within the jellium model with taking into account the
Coulomb interaction between electrons is calculated. The surface potential is modeled as the infinite
rectangular potential well. The behavior of the chemical potential as a function of the film thickness
is studied, the quantum size effect for this quantity is discovered. It is shown that taking into
account the Coulomb interaction leads to a significant decrease of the chemical potential and to an
enhancement of the quantum size effect.
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I. INTRODUCTION
The rapid development of nanotechnology involving
processes of metal deposition on various substrates re-
quires a theoretical analysis and understanding of elec-
tronic effects in nanoclusters and nanofilms. If the size
of nanostructure is comparable with the corresponding
Fermi wavelength of electrons in the nanostructure, var-
ious physical properties may strongly depend on the size
of this nanostructure. This phenomenon is called the
quantum size effect3–6,13,21 and is typical for many physi-
cal quantities of metal nanofilms, such as thermodynamic
stability, electrical resistivity, work function, surface en-
ergy, etc8. Due to possible differences in properties of
metal nanostructures from properties of the bulk metal,
the research of such properties has considerable theoret-
ical and experimental interests.
The first theoretical calculations of the chemical po-
tential of the metal film within the jellium model with-
out taking into account the Coulomb interaction between
electrons are presented in Refs. [14, 18, and 20]. However,
as it is shown in Refs. [17 and 19], these calculations do
not take into account the condition of electroneutrality
and therefore the calculated values of the chemical poten-
tial are not correct. A few years ago Ref. [7] appeared,
the author of which claimed that he was the first who
found the dependence of the Fermi energy on the film
thickness within the same model of a metal film. How-
ever, in fact, it is a repetition of some results of Ref. [20]
without reference to them.
For the first time the quantum size effect on the chem-
ical potential in the metal film within the jellium model
was studied by Shulte16 using the density functional the-
ory within the local density approximation. Later, he
compared it with the magnitudes of the chemical po-
tential of the film within the jellium model without the
Coulomb interaction between electrons, which are also
obtained by him17, and found good agreement. How-
ever, in his calculations17, Schulte used for the distance
between the side of the film and the potential wall the
result of Ref. [2], which is true for the semi-infinite jel-
lium (see, for example, Refs. [2, 9, and 11]). This result
is also used in much later Refs. [8 and 15], in which there
is also a comparison between calculations by the density
functional theory and the calculations within the jellium
model without the Coulomb interaction, and good agree-
ment is found for the specific films8. The correct expres-
sion for this distance is obtained in Ref. [22], where an-
alytical calculations for various models of potential bar-
rier within the jellium model without the Coulomb in-
teractions between electrons are conducted. In Ref. [23],
the chemical potential and the stability of metal thin
film within the jellium model without the Coulomb in-
teraction between electrons are studied, however, as in
Refs. [7, 14, 18, and 20], the condition of electroneutral-
ity is not taken into account.
In the present work, the metal film within the jellium
model taking into account the Coulomb interactions be-
tween electrons is studied. The surface potential is mod-
eled by the infinite rectangular potential well. In the
limit of low temperatures, calculations of the chemical
potential and the distance between the side of the film
and the potential wall of infinite height are performed
for different values of the Wigner-Seitz radius (rs). The
chemical potential is found as a solution of the nonlin-
ear equation, which is obtained in Ref. [11] by using the
method of functional integration. The dependences of the
calculated quantities on the film thickness are studied, it
is shown that taking into account the Coulomb interac-
tion between electrons leads to a significant decrease in
the chemical potential and increase in the distance be-
tween a side of the film and the infinite potential wall,
and to an increase of the amplitudes of its oscillations,
i.e. to an enhancement of the quantum size effect. It is
shown that if the film thickness increases, the chemical
potential of the film tends to the bulk chemical potential,
i.e. to the chemical potential of unbounded metal within
the jellium model, and the distance tends to magnitude,
which is obtained in Ref. [11] for the semi-infinite jellium.
II. MODEL
We consider a metal slab placed in such way that its
two parallel infinite sides are parallel to the xOy plane.
Thickness of the slab is denoted by lslab and lies along the
2z axis. One side of the slab is specified by the equation
z = d, and the second one is described by the equation
z = lslab + d as shown in Fig. 1.
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FIG. 1. Scheme of film. Two vertical dashed lines represent
the geometrical surfaces of the film, two vertical solid lines
represent the surface potential boundaries.
The slab is considered within the jellium model, i.e. an
ionic subsystem is replaced by positive charge with the
distribution
̺jell(r||, z) ≡ ̺jell(z) = ̺0 θ(z − d) θ(lslab + d− z)
=
{
̺0, z ∈ [d, lslab + d],
0, z 6∈ [d, lslab + d],
where θ(x) is the Heaviside step function, r|| = (x, y),
x, y ∈ (−√S/2,+√S/2), z ∈ (−∞,+∞), S is area of the
side of the slab (S →∞). The condition of electroneu-
trality is satisfied,
lim
S→∞
∫
S
dr||
∫ +∞
−∞
dz ̺jell(r||, z) = eN, e > 0 (1)
moreover, in the thermodynamic limit, we have
lim
N,S→∞
eN
Slslab
= ̺0,
where N is the number of electrons, which are situated
in the field of the positive charge. The parameter d is
determined by the condition of electroneutrality.
As a consequence of the symmetry of the model, the
motion of the electron in a plane parallel to the xOy plane
is free, and the one along the z axis is determined by the
surface potential Vsurf(z). This potential is modeled by
the infinite rectangular potential well, namely,
Vsurf(z) =
{∞, z 6 0, z > l,
0, 0 < z < l.
(2)
This model potential allows an analytical solving of the
Schro¨dinger stationary equation,[
− ~
2
2m
∆+ Vsurf(z)
]
Ψa(r) = EaΨa(r), r = (r||, z)
with the Dirichlet boundary conditions,
Ψa(r)
∣∣
z=0
= Ψa(r)
∣∣
z=l
= 0,
where m is the electron mass, a = (k||, α), k|| is the two-
dimensional wave vector of the electron in the plane par-
allel to the xOy plane, α = πn/l, n = 1, 2, . . .. The wave
functions and the corresponding energy levels for the po-
tential model (2) are
Ψa(r) =
1√
S
eik||r||ϕα(z),
ϕα(z) =
√
2
l
sin(αz) θ(z) θ(l − z)
=
{ √
2
l
sin(αz), 0 < z < l,
0, z 6 0, z > l.
(3)
Ea =
~
2(k2|| + α
2)
2m
.
As we see from Fig. 1, there is the relation between
the parameter l of the model potential and the thickness
lslab of the slab
l = lslab + 2d, (4)
where the parameter d is found in Ref. [22],
d =
3π
8KF +
π2
8K2Fl
, (5)
KF =
√
2mµ/~ is the magnitude of the Fermi wave vec-
tor, µ is the chemical potential.
From Eqs. (5) and (4), we find the parameter l of the
infinite rectangular potential well as function of KF,
l(KF) = lslab
2
+
3π
8KF +
√
16K2Fl2slab + 24πKFlslab + 25π2
8KF .
It should be noted that if the parameter l approaches
infinity, the parameter d approaches the well-known mag-
nitude d∞ = 3π/(8KF), which is the distance between lo-
cations of the edge of the positive charge and the infinite
potential wall within the jellium model (see, for example,
Ref. [2, 9, and 11]).
III. EQUATION FOR THE CHEMICAL
POTENTIAL
In Ref. [11], using the method of functional integration,
the general expression for the average number operator
of electrons within the semi-infinite jellium model is ob-
tained. In the case of the slab, this expression has the
3form
〈N〉 = 〈N〉0 − 1
2S
∑
q 6=0
∑
k||,α
∂nα(k||)
∂µ
×
∫ l
0
dz |ϕα(z)|2
(
g(q, z, z)− ν(q, 0))
+
1
2S
∑
q 6=0
∑
k||,α1,α2
∂
(
nα1(k||)nα2(k|| − q)
)
∂µ
×
∫ l
0
dz1
∫ l
0
dz2 ϕ
∗
α1
(z1)ϕα2(z1)
× ϕ∗α2(z2)ϕα1(z2) g(q, z1, z2), (6)
where
〈N〉0 =
∑
k||,α
nα(k||) (7)
is the average number operator of noninteract-
ing electrons (i.e. without the Coulomb inter-
action between electrons), nα(k||) =
1
e
β(Eα(k||)−µ)+1
is
the Fermi-Dirac distribution, β is the inverse ther-
modynamic temperature, q = (qx, qy) is the two-
dimensional vector with components qx,y = 2πnx,y/
√
S,
nx,y = 0,±1,±2, . . ., ν(q, 0) = 2πe2/q, g(q, z1, z2) is the
effective interelectron interaction in (q, z) representation,
analytical expression for which is obtained in Ref. [10]
within the same level of approximations used in Refs. [11
and 12].
In the limit of low temperatures, we obtain nα(k||) =
θ
(K2F−k2||−α2). By using transition from the summation
over k|| to the integration according to the rule
11,12,
∑
k||
. . . =
2S
(2π)2
∫
dk|| . . . ,
where two possible orientations of the electron spin
are taken into account, a summation over the two-
dimensional vector k|| in Eqs. (6) and (7) can be per-
formed analytically. As a result, we find that
∑
k||
nα(k||) =
S
2π
(K2F − α2) θ(K2F − α2),
∑
k||
∂nα(k||)
∂µ
=
S
2π
2m
~2
θ
(K2F − α2).
In Ref. [11], it is shown that
∑
k||
∂
(
nα1(k||)nα2(k|| − q)
)
∂µ
=
2S
(2π)2
4m
~2
I(q, α1, α2),
where the expression for the function I(q, α1, α2) is given
in Ref. [11].
A summation over the quantum numbers α can be rep-
resented as
∑
α . . . =
∑nmax
n=1 . . . , where nmax is the inte-
ger part of [lKF/π].
As shown in Ref. [20], the calculation of the average
number operator of noninteracting electrons (7) can be
performed analytically,
〈N〉0 = S
2π
nmax
(
K2F −
π2
6l2
(nmax + 1)(2nmax + 1)
)
.
From the condition of electroneutrality (1) it follows
that e〈N〉 = ̺0Slslab, i.e. ̺0 = e〈N〉/(Slslab). If we as-
sume that the concentration of the positive charge is
equal to the electron concentration of unbounded metal,
i.e. ̺0/e = 3/(4πr
3
s ), we have
3
4πr3s
=
〈N〉
Slslab
, (8)
where rs is the Wigner-Seitz radius. By multiplying
Eq. (6) by 2π/(Slslab) and using Eq. (8), we obtain the
nonlinear algebraic equation for the magnitude of the
Fermi wave vector KF, which is connected with the chem-
ical potential µ, µ = ~2K2F/(2m), (integrals of the effec-
tive interelectron interaction and the wave functions (3)
are calculated in Appendix A),
3
2r3s
=
nmax
lslab
(
K2F −
π2
6l2
(nmax + 1)(2nmax + 1)
)
− a
2
B
lslab
nmax∑
n=1
∞∫
0
dq
[
q
Q
1
1−
(
Q−q
Q+q
)2
e−2Ql
(
1 +
(
Q− q
Q+ q
)2
e−2Ql +
4α2
Ql
Q − q
Q + q
1− e−2Ql
4α2 +Q2
)
− 1
]
+
8
π
a4B
lslabl2
nmax∑
n1=1
nmax∑
n2=1
∞∫
0
dq
q
Q
1
1−
(
Q−q
Q+q
)2
e−2Ql
×
[
I1(Q,α1, α2) +
(
Q− q
Q+ q
)2
e−2QlI1(−Q,α1, α2) + Q− q
Q+ q
(
I22 (Q,α1, α2) + e
−2QlI22 (−Q,α1, α2)
) ]
, (9)
where aB is the Bohr radius, expressions for Q, functions I1, and I2 are given in Appendix A (see Eqs. (A2), (A3),
and (A4), respectively).
4It should be noted that in the case of noninteracting
electrons, the nonlinear equation (9) is significantly sim-
plified,
3
2r3s
=
nmax
lslab
(
(K0F)2 −
π2
6l20
(nmax + 1)(2nmax + 1)
)
,
(10)
where K0F is the magnitude of the Fermi wave vec-
tor of noninteracting electrons, l0 = l(K0F). If we solve
this equation, we determine the chemical potential
µ0 = ~2(K0F)2/(2m) of noninteracting electrons.
IV. RESULTS OF THE NUMERICAL
CALCULATIONS AND DISCUSSION
In Fig. 2, the chemical potential as a function of the
film thickness is presented for the following values of the
Wigner-Seitz radius: rs = 2aB and rs = 6aB. The solid
curve represents the chemical potential with taking into
account the Coulomb interaction between electrons, i.e.
that is found from the nonlinear algebraic equation (9),
the dashed curve represents one without this interaction,
i.e. that is found from the nonlinear algebraic equa-
tion (10). In addition, the short-dashed horizontal curves
show the bulk chemical potential11 with taking into ac-
count the Coulomb interaction between electrons µbulk
and one without this interaction µ0bulk, respectively.
We see that the dependence of the chemical poten-
tial on the film thickness is non monotonic, there are
alternating peaks, i.e. we observe the quantum size ef-
fect for the chemical potential of the metal film. This
is a consequence of quantization of the electron energy
levels, because the motion of electrons in the direction
perpendicular to the film is limited. If the film thick-
ness increases, the quantum size effect vanishes, and the
chemical potential tends to the bulk chemical potential.
Taking into account the Coulomb interaction between
electrons leads to a significant decrease in the chemical
potential, what is known (see, for example, Ref. [11]),
and also to an enhancement of the quantum size effect:
peaks become higher and valleys become deeper, and the
period of alternating peaks and valleys increases. As
noted by Schulte16, the distance between adjacent peaks
of the chemical potential without the Coulomb interac-
tion between electrons is about λ0F/2, where λ
0
F = 2π/K0F
is the Fermi wavelength of noninteracting electrons. It
turns out that if the Coulomb interaction between elec-
trons is taken into account, the distance between adja-
cent peaks of the chemical potential is also λF/2, but
here λF = 2π/KF is the Fermi wavelength of interacting
electrons.
As noted above, the authors of Refs. [1, 7, 18, 20, and
23] do not consider the parameter d in calculating the
chemical potential of the metal film without Coulomb
interaction between electrons, i.e. they believed that po-
sitions of the potential wall and the edge of the positive
charge coincide. As a result, the chemical potential calcu-
lated by them is too large, moreover if the film thickness
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FIG. 2. The chemical potential as a function of the film thick-
ness at rs = 2aB (top) and rs = 6aB (buttom).
increases, the chemical potential does not tend to the
bulk chemical potential. For the first time, the chemical
potential of the metal film without the Coulomb interac-
tion between electrons, but with taking into account the
parameter d was calculated by Schulte17. However, he
used the magnitude d0∞ = 3π/(8K0F) for the parameter d
instead of Eq. (5), i.e. he used the magnitude for the
semi-infinite jellium (see., for example, Refs. [2, 9, and
11]). This led to a very good agreement of the chemical
potential obtained without the Coulomb interaction be-
tween electrons and the chemical potential calculated by
Schulte16 before with using the density functional theory
within the local density approximation. Such agreement
is strange, because the presented calculations and the
results of our previous work11 show that the Coulomb
interactions between electrons leads to a significant de-
crease in the chemical potential. As can be seen from
the analysis of results for the chemical potential, the cor-
rect calculation of the parameter d is very important. In
Fig. 3, the parameter d as a function of the film thick-
ness is presented for the following values of the Wigner-
Seitz radius: rs = 2aB and rs = 6aB. The solid curve
represents the parameter d with taking into account the
Coulomb interaction between electrons, the dashed curve
represents one without this interaction. In addition, the
short-dashed horizontal lines show the parameter d of the
5semi-infinite jellium model, i.e. at lslab →∞, with taking
into account the Coulomb interaction between electrons
d∞ and one without this interaction d
0
∞, respectively.
FIG. 3. The parameter d as a function of the film thickness
at rs = 2aB (top) and rs = 6aB (buttom).
We see that the dependence of the parameter d on the
film thickness is non monotonic, there are alternating
peaks, i.e. we observe also the quantum size effect for the
parameter d. If the film thickness increases, the quantum
size effect vanishes. Taking into account the the Coulomb
interaction between electrons leads to a significant in-
crease in the parameter d, what is known from Ref. [11],
and also to an enhancement of the quantum size effect:
peaks become higher and valleys become deeper, and the
period of alternating peaks and valleys increases. As it
is for the chemical potential, the period of alternating is
about λ0F/2 in the absence of the Coulomb interaction
between electrons and λF/2 in the presence of it.
V. CONCLUSIONS
In the limit of low temperatures, by solving the non-
linear algebraic equations, the chemical potential of the
metal film within the jellium model with taking into ac-
count the Coulomb interaction between the electrons is
calculated. It is shown that the dependence of the chem-
ical potential on the film thickness is non monotonic, i.e.
there is the quantum size effect for the chemical poten-
tial of the metal film, the distance between neighboring
maxima is about half of the Fermi wavelength. If the film
thickness increases, the quantum size effect disappears
and the chemical potential tends to the bulk chemical
potential. In addition, taking into account the Coulomb
interaction between electrons enhances the quantum size
effect and leads to a significant decrease in the chemical
potential.
In the same approximations, the parameter d, which
is the distance from the side of the film to the potential
wall, is calculated as the function of the film thickness.
It is shown that this dependence on the film thickness
is also non monotonic, there is the quantum size effect
of the parameter d. If the film thickness increases, this
quantum size effect disappears also. Taking into account
the Coulomb interaction between electrons leads to a sig-
nificant increase in the parameter d, and to an enhance-
ment of the quantum size effect. The distance between
neighboring maxima is also about half of the Fermi wave-
length.
Appendix A: CALCULATION OF INTEGRALS WITH EFFECTIVE INTERELECTRON INTERACTION
An expression for the effective interelectron interaction g(q, z1, z2) in (q, z) representation is obtained in Ref. [10].
In the domain 0 6 z1, z2 6 l, it has the form
g(q|z1, z2) = 2πe
2
Q
1
1−
(
Q−q
Q+q
)2
e−2Ql
[
e−Q|z1−z2| +
(
Q− q
Q+ q
)2
e−Q(2l−|z1−z2|) +
Q− q
Q+ q
(
e−Q(z1+z2) + e−Q(2l−z1−z2)
)]
,
(A1)
where
Q =
√
q2 + κ2, (A2)
κ
2(q) = 4
laB
∑
α
[
1−
√
1− 4K2F−α2
q2
θ
(
1− 4K2F−α2
q2
)]
θ(KF − α), aB is the Bohr radius.
6The integrals of products of the wave functions (3) and the effective interelectron interaction (A1) in Eq. (6) can
be analytically calculated, and we obtain
∫ l
0
dz |ϕα(z)|2g(q, z, z) = 2πe
2
Q
1
1−
(
Q−q
Q+q
)2
e−2Ql
[
1 +
(
Q− q
Q+ q
)2
e−2Ql +
4α2
Ql
Q− q
Q+ q
1− e−2Ql
4α2 +Q2
]
,
∫ l
0
dz1
∫ l
0
dz2 ϕ
∗
α1
(z1)ϕα2(z1)ϕ
∗
α2
(z2)ϕα1(z2) g(q, z1, z2) =
4
l2
2πe2
Q
1
1−
(
Q−q
Q+q
)2
e−2Ql
×
[
I1(Q,α1, α2) +
(
Q− q
Q+ q
)2
e−2QlI1(−Q,α1, α2) + Q− q
Q+ q
(
I22 (Q,α1, α2) + e
−2QlI22 (−Q,α1, α2)
) ]
,
where
I1(Q,α1, α2) =
8Q2α21α
2
2
(
e−Ql cos(α1l) cos(α2l)− 1
)
[
(Q2 + α21 + α
2
2)
2 − 4α21α22
]2 + lα21δα1,α2Q(8α21 + 2Q2) , (A3)
I2(Q,α1, α2) =
2Qα1α2
(
1− e−Ql cos(α1l) cos(α2l)
)
(Q2 + α21 + α
2
2)
2 − 4α21α22
. (A4)
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